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We investigate Weyl semimetals with tilted conical bands in a magnetic field. Even when the cones
are overtilted (type-II Weyl semimetal), Landau-level quantization can be possible as long as the
magnetic field is oriented close to the tilt direction. Most saliently, the tilt can be described within
the relativistic framework of Lorentz transformations that give rise to a rich spectrum, displaying
new transitions beyond the usual dipolar ones in the optical conductivity. We identify particular
features in the latter that allow one to distinguish between semimetals of different types.
The discovery of massless ultrarelativistic electrons
in graphene [1, 2] has triggered a tremendous inter-
est in novel types of semimetallic phases in condensed-
matter systems [3–5]. A particularly intriguing class is
that of electronic systems with tilted Dirac cones that
were first investigated in the framework of the quasi-
twodimensional (2D) organic crystal α-(BEDT-TTF)2I3
[6]. In contrast to graphene where the Dirac cones are sit-
uated at high-symmetry points [7], tilted Dirac cones in
α-(BEDT-TTF)2I3 arise and migrate in wavevector space
as a function of pressure applied to the system. One of
the most remarkable consequences of the tilt is unveiled
in the presence of a magnetic field B. Indeed, the tilt
renormalizes the cyclotron frequency by the same factor
as an inplane electric field E that was investigated in a co-
variant description by Lukose et al. [8]. This hints at an
intimate relation between the tilt of the Dirac cones and
relativistic transformations that was later investigated in
the framework of magnetotransport [9] and magnetoop-
tics [10].
Indeed, one may naturally ask what happens when the
Dirac cones are overtilted such that the original recip-
rocal isoenergy trajectories are no longer closed ellipses
but open hyperbolas [7]. In the presence of a magnetic
field, the tilted Dirac cones may be characterized with
the help of Lorentz transformations. As we discuss in
more detail below, this can be achieved if one identifies
the tilt with an effective electric field E . Below the critical
tilt, we are confronted with a “weak” electric field that
allows for a Lorentz boost to a frame of reference where
E effectively vanishes. In this so-called magnetic regime
[11], the electronic orbits are then still closed (cyclotron
orbits) and their energy is quantized into Landau level
(LLs) [12]. In contrast, such a boost is not possible for
overtilted cones that corresponds to a “strong” electric
field. Via a Lorentz transformation, one can now sim-
ply find a frame of reference where the B-field vanishes.
This electric regime is characterized by open orbits that
prevent LL quantization. Whereas overtilted cones have
not been found in 2D materials, following the proposal
by Soluyanov et al. [13], several 3D systems have been
identified during the last months as possible candidates
for representing such phase [14–17]. Furthermore, these
phases, coined type-II Weyl semimetals (WSM), have
been classified from a topological point of view [18, 19].
In the present paper, we show that the above classifi-
cation needs to be revisited in 3D systems that present
a remarkably rich behavior. Indeed, we find that a type-
II WSM can undergo a transition from the magnetic to
the electric regime as a function of the angle between the
magnetic field and the tilt direction. Whereas the elec-
tric regime is at first sight the natural regime of a type-II
WSM, the latter can nevertheless show LL quantization–
the tilt is then most prominent in the direction of the
B-field, and the original overtilt is well represented by a
onedimensional band in the latter direction. This situa-
tion needs to be contrasted with that of at type-I WSM
that is always in the magnetic regime regardless of the
B-field direction. However, one can, at least in prin-
ciple, induce transitions between WSM of the two dif-
ferent types by the application of an additional electric
field with a nonzero component perpendicular to the B-
field. Finally, we investigate in detail the magneto-optical
signatures in the magnetic regime, which allow for a dis-
tinction between type-I and type-II WSM. Most saliently,
we find, similarly to tilted Dirac cones in 2D materials
[10], that a magnetic field applied in a direction different
from the tilt yields magnetooptical transitions beyond
the usual dipolar ones that couple LLs with adjacent in-
dices, n→ (n± 1).
Tilted Dirac cones in 3D systems can be modeled con-
veniently by the Hamiltonian
H = ω0 · k1 +
3∑
µ=1
vµkµσˆµ, (1)
in terms of the three Pauli matrices σˆµ (µ = 1, 2, 3) and
the anisotropic Fermi velocities vµ. Here and in the fol-
lowing, we use a system of units where ~ = 1. Further-
more, we combine the tilt velocities ω0 = (ω0x, ω0y, ω0z)
into the tilt parameter vector
t =
(
ω0x
|vx| ,
ω0y
|vy| ,
ω0z
|vz|
)
, (2)
which allows us to distinguish a type-I WSM (|t| < 1)
from a type-II WSM (|t| > 1), in analogy with the 2D
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2case [7]. In order to account for a magnetic field in the z-
direction, we use the Peierls substitution k→ (qx, qy, kz),
with qx/y = kx/y + eAx/y(r) and B = ∇ × A(r). As
a consequence of the r-dependence of the vector po-
tential, the x- and y components of the new momenta
become operators that no longer commute, [qx, qy] =
−isign(vxvyB)/l2B , in terms of the magnetic length lB =
1/
√
e|B|. In the following, we consider the tilt to have no
component in the y-direction–this can always be achieved
via a rotation and a possible rescaling of the momenta–
and the Hamiltonian thus reads (see Supplementary Ma-
terial)
HB = (ω⊥qx+ω0zkz)1+v⊥(qxσˆx+ qyσˆy)+vzkzσˆz, (3)
where v⊥ =
√|vxvy| is the average Fermi velocity in
the xy-plane, and ω⊥ = v⊥
√
(ω0x/vx)2 + (ω0y/vy)2 is a
rescaled tilt velocity.
While the Hamiltonian (3) can in principle, within a
lengthy calculation, be solved by the introduction of the
usual ladder operators aˆ± = lB(qx ± iqy)/
√
2, similarly
to the 2D case [20, 21], a more elegant method consists
of using a hyperbolic transformation to change the eigen-
value equation (HB − E1)|Ψ〉 = 0 into(
e
θ
2 σˆxHBe
θ
2 σˆx − Eeθσˆx
)
|Ψ˜〉 = 0, (4)
where |Ψ˜〉 = N exp(−θσˆx/2)|Ψ〉, and N is a normaliza-
tion constant required since the hyperbolic transforma-
tion does not preserve the norm of the wave functions.
This transformation is nothing other than a Lorentz
boost in the x-direction in terms of the relativistic pa-
rameter tanh θ = β [8], which reads β = −ω⊥/v⊥ in
the magnetic regime (|β| < 1) and β = −v⊥/ω⊥ in the
electric regime (|β| > 1) [22]. As mentioned in the intro-
duction, only the magnetic regime allows for quantized
LLs, and we concentrate henceforth on this regime. In
the transformed frame of reference, the eigenvalue equa-
tion (4) reads[
γ(ω0z k˜z − E)1 + v⊥(q˜xσˆx + q˜yσˆy) + vz k˜zσˆz
]
|Ψ˜〉 = 0,
(5)
where γ = (1 − β2)−1/2 is the dilatation factor. The
tilde indicates transformed wave vectors, q˜x = qx/γ +
γβ(ω0zkz − E)/v⊥, q˜y = qy, and k˜z = kz, in agreement
with a Lorentz boost in the x-direction [11].
One notices that the eigenvalue equation (5) now
only contains the noncommutative wavevector compo-
nents q˜x and q˜y in the offdiagonal matrix elements. It
can therefore easily be solved by the introduction of
the standard ladder operators, but with a renormal-
ized B-field because the commutation relations between
the transformed wavevector components read [q˜x, q˜y] =
−isign(vxvyB)/γl2B and [q˜x, kz] = [q˜y, kz] = 0. One thus
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FIG. 1. (Color online) Graphical representation of the tilt-
parameter vector t. The unit sphere |t| = 1 represents the
boundary between type-I (blue arrow) and type-II (red ar-
rows) WSM. In the presence of a magnetic field along the
z−axis, the projection of a tilt-parameter vector on the xy
plane identifies the regime, the magnetic regime (i.e. inside
the green disc) or in the electric regime (outside the disc).
The vectors tm1, tm2, and te2 indicate a type-I WSM, a type-
II WSM in the magnetic regime, and a type-II WSM in the
electric regime, respectively.
finds the LLs
En,λ(kz) = ω0zkz + λ
1
γ
√
v2zk
2
z +
2eBv2⊥
γ
n for n > 0,
E0(kz) = [ω0z − sign(vxvyB)vz/γ] kz for n = 0, (6)
where λ = ±1. Let us first discuss the different regimes.
As mentioned above, LL quantization is only possible in
the magnetic regime. Similarly to the tilt parameter (2),
this can conveniently be described in terms of the inplane
tilt vector,
t⊥ =
t×B
B
=
(
ω0x
|vx| ,
ω0y
|vy|
)
. (7)
Its norm is precisely |β| and can be related to the tilt
parameter (2) and the angle α between the magnetic field
and the tilt direction, via |β| = |t⊥| = |t|| sinα|. These
geometric relations are shown in Fig. 1, where the sphere
|t| = 1 indicates the border between a type-I (inside)
and a type-II WSM (outside). Similarly, the magnetic
regime is represented by the inside (green) of the circle
t2x + t
2
y = 1 while the electric regime is situated outside.
Whereas a type-I WSM, represented by the blue vector
tm1 inside the sphere, has always a projection to the
xy-plane inside the sphere, i.e. in the magnetic regime,
one needs to distinguish two situations for type-II WSM.
Below a critical angle αc, given by
|sinαc| < 1/|t|, (8)
3the projection of the tilt vector (tm2 in Fig. 1) is within
the sphere and thus in the magnetic regime. However, if
the condition (8) is not satisfied, the projection (of te2)
is outside the unit circle, and the system is thus in the
electric regime.
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FIG. 2. (Color online) LL spectrum of a tilted Weyl cone for
β = 0.75, in units of v⊥/lB ' 26 meV × v⊥[106m/s]/
√
B[T].
The green lines are n > 0 LLs and the blue (red) line repre-
sents the n = 0 state for sign(vxvyvzB) = 1 (sign(vxvyvzB) =
−1). The left figure corresponds to the case of a type-I Weyl
semimetal where the n = 0 LL group velocity changes sign
with chirality. On the contrary, the right figure is for a type-II
Weyl semimetal, where the n = 0 slope representing the LL
group velocity direction is independent of chirality.
The LL spectrum (6) is represented in Fig. 2 for a
type-I WSM [panel (a)] and a type-II WSM [panel (b)] in
the magnetic regime. One retrieves the known 2D results
for kz = 0 [7, 12, 20], i.e. a graphene-like LL spectrum
with En,± ∝ ±(1 − β2)3/4
√
Bn, where the spacing is
reduced by the relativistic factor (1− β2)3/4. In the 3D
case, these LLs evolve into 1D bands with a dispersion in
kz. It is precisely this dispersion that bares information
about the underlying WSM type since their bands are
also tilted and can be seen as gapless (n = 0) or gapped
(n 6= 0) Dirac cones with a tilt below (type-I) or above
(type-II) the critical value. Their tilt is characterized
by the 1D tilt parameter tz = ω0z/|v′z|, in terms of the
velocity v′z =
√
1− β2vz,
tz =
t| cos(α)|√
1− t2 sin(α)2 . (9)
One thus finds that for any angle α one has tz < 1 for
a type-I and tz > 1 for a type-II WSM, i.e. the type of
the 1D bands is the same as the original 3D WSM in the
absence of a magnetic field.
A naturally arising question is whether one can also in-
duce a transition from the magnetic to the electric regime
in a type-I WSM. From a theoretical point of view, this
can in principle be achieved by an electric field with a
nonzero component perpendicular to B. Let us consider
for simplicity an electric field E in the y-direction that
yields a supplementary term V = eEy1 to Hamiltonian
(1). In the Landau gauge A = −Byex, the modified
Hamiltonian reads HE,B = H ′B − (E/B)kx1, where H ′B
has the same structure as Eq. (3) if we replace the tilt
velocity [9] ω0 → ω = ω0−E×B/B2 or equivalently the
tilt parameter t→ tE , with
tE = t− 1
B2
(
(E ×B)x
|vx| ,
(E ×B)y
|vy| ,
(E ×B)z
|vz|
)
. (10)
A type-I WSM can therefore undergo a transition from
the magnetic to the electric regime for a judicious choice
of the electric field if the criterion (8) is satisfied in terms
of the tilt parameter tE , inducing a breakdown of the
LL spectrum [8, 9]. From an experimental point of view,
however, the situation is more involved because of the
screening of the electric field due to free carriers both in
the bulk and at the surfaces. Further studies are thus
required to establish the feasibility of such experiments.
We show however that distinctive signatures of type-I
and type-II WSM are clearly accessible in magnetoopti-
cal (reflectivity) experiments [23] in the magnetic regime,
with no electric field involved. Within linear-response
theory, the reflection of light at a polarization l is pro-
portional to the real part of the optical conductivity
Re σll(ω) =
σ0
2pil2Bω
∑
j,j′
|l ·Vj,j′ |2
× [f(Ej)− f(Ej′)] δ(ω − ωjj′) (11)
where the subscripts j, j′ denote the quantum numbers
(λ, n, kz), σ0 = e
2/2pi is the quantum of conductance,
and ωjj′ = Ej − Ej′ is the energy difference between
the final and initial states. Furthermore, f(Ej) is the
Fermi-Dirac distribution for a Fermi level that we choose
at zero energy (at the position of the Weyl point) and
the matrix element is given by Vj,j′ = 〈Ψj |∇kHB |Ψj′〉.
This formula is integrated analytically for two elliptic
polarizations (see Supplementary Material). One of the
most salient features of the matrix elements in Eq. (11)
is related to the nonorthogonality of the spinor com-
ponents as a consequence of the relativistic boost [10],
i.e. when β 6= 1. Indeed, the harmonic-oscillator wave
functions acquire an energy-dependent shift in their posi-
tion due to the Lorentz transformation, which thus yields
energy-dependent overlap functions (see Supplementary
Material). As a consequence, the usual dipolar selection
n → (n ± 1) are violated, and as a function of β addi-
tional interband peaks arise in the optical conductivity
at energies
ωmn = (1− β2)3/4
√
2eBv⊥
(√
m+
√
n
)
. (12)
4This is shown in Fig. 3 for a type-I [panel (a)] and a
type-II WSM [panel (b)], where we depict the optical
conductivity as a function of frequency for several val-
ues of β. For β = 0, one retrieves the typical spectrum
of a WSM discussed in the literature [24, 25], where the
peaks have the usual 1/
√
ω − ωmn divergence due to the
1D character of the LL bands as a function of kz. These
are also visible at β 6= 0 and are the main difference
with respect to the 2D case discussed in Ref. [10]. Fur-
thermore, the optical conductivity of an undoped type-II
WSM shows additional peaks at low energies that are due
to allowed transitions between LLs of the same original
band. Indeed, LLs corresponding to the family λ = +,
which are always at positive energies in a type-I WSM,
have parts of bands situated at negative energies, whereas
those of with λ = − become positive for certain values
of kz. Therefore, transitions between LLs of the same
family [red arrows in the inset of panel (a)] are no longer
blocked by the Pauli principle and contribute to the op-
tical conductivity up to the energy
ωl = (1− β2)3/4
√
2eBv⊥
√
2|tz| −
√
t2z + 1√
t2z − 1
. (13)
This yields the unusually large optical conductivity at
low frequency and reflects the large density of states of
a type-II WSM at zero B-field, in comparison with a
type-I WSM. The effect is different from that previously
described in Ref. [24] for a type-I WSM where low-
frequency peaks in the optical conductivity are obtained
upon doping, whereas here the system is undoped.
In conclusion, we have shown that 3D WSM show
a rich variety of phases in the presence of a magnetic
field that unveil the underlying relativistic symmetry. In
contrast to 2D systems, the magnetic and the electric
regimes, with and without LL quantization, respectively,
do no longer coincide with the type of the WSM in 3D.
Indeed, a type-II WSM can show LL quantization as long
as the angle between the tilt direction and the magnetic
field satisfies the condition (8)–in this case, the type-II
character is visible in the 1D Landau bands as a function
of the wave vector kz in the direction of the B-field. Most
saliently, we have shown that the relativistic parameter β
has a clear fingerprint in the optical conductivity, which
can be probed in magnetooptical measurements, discern-
ing different types of WSM. We would finally emphasize
that our results are readily generalized to the case of a
pair (or more) of Weyl points in a more realistic band
structure. If the two cones are related by a discrete sym-
metry (e.g. time reversal), the tilts of the two cones
are in opposite directions. In this case, one obtains two
copies of the same LL spectrum, since the parameter β
depends only on the modulus of the tilt vector t⊥. For
more pairs of Weyl points, the tilt vectors are no longer
necessarily of the same modulus, and the condition (8)
for the transition between magnetic and electric regime is
β
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FIG. 3. (Color online) Optical conductivity for the e+-elliptic
polarization of undoped type-I [panel (a)] and type-II WSM
[panel (b)], for different values of β (= 0, 0.1, 0.2, 0.4 and 0.6).
The curves have been displaced up for increasing value of
β. In the case β = 0 one observes the usual Landau level
spectrum with n→ (n±1) transitions while for higher values
of the in-plane tilt, more transitions are allowed. Insets are a
reminder of the LL structure and the arrows indicate inter-LL
transitions visible in the optical conductivity.
then not unique for all points. During the writing of the
present paper, we became aware of two other preprints on
magnetic-field properties of type-II WSM. The findings
of Ref. [26] are similar to ours but the authors consider
only the optical conductivity for β = 0, i.e. when the tilt
is in the same direction as the B-field, in which case one
has no violation of the dipolar selection rule n→ (n± 1)
and no renormalization of the LL spacing. The authors
of Ref. [27] study the chiral anomaly furthermore in a
lattice tight-binding model and extract numerically the
optical conductivity of a type-II WSM in the magnetic
regime.
We acknowledge fruitful discussions with Milan Orlita
and Marek Potemski.
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6SUPPLEMENTARY MATERIAL
MINIMAL MODEL FOR TILTED WEYL SEMIMETAL
We consider the model of a tilted Weyl Hamiltonian with an anisotropic Fermi velocity
H = ω0 · k1 +
3∑
µ=1
vµkµσˆµ, (S1)
where σˆµ (µ = 1, 2, 3) are the three Pauli matrices, the vµ are the anisotropic Fermi velocities and ω0 is the tilt
velocity. Upon rescaling of the momenta
qµ =
vµ
v⊥
kµ for µ ∈ {1, 2}, (S2)
the Hamiltonian reads
H = ω1 · q1 + v⊥(qxσˆx + qyσˆy) + vzkzσˆz, (S3)
where the anisotropy has been absorbed in the tilt parameters, ω1,µ = v⊥ω0,µ/vµ for µ ∈ {1, 2} and ω1,3 = ω0,z. The
Hamiltonian can still be simplified by the following rotation
HB = e
iφ2 σˆzHe−i
φ
2 σˆz
|Ψ〉 = eiφ2 σˆz |Ψφ〉
q′x = cos(φ)qx + sin(φ)qy ,
q′y = cos(φ)qy − sin(φ)qx
q′z = kz
(S4)
with tan(φ) = ω0,y/ω0,x, one finds the minimal form of the Hamiltonian HB , Eq. (3) of the main text. We emphasize
that this rotation, which does not depend on the wave vectors and keeps kz invariant, leaves the commutation rules
between the x- and y-components of the wave vector unchanged, even in the presence of a magnetic field. We consider
this form of the Hamiltonian in the main text.
EIGENSTATES IN THE MAGNETIC REGIME
Magnetic regime
In the magnetic regime introduced in the main text (5), the momenta fulfil the following commutation rules [we
consider sign(vxvyB) = 1]
[q˜x, q˜y] = − iγl2B , [q˜x, k˜z] = 0, [q˜y, k˜z] = 0 , (S5)
which indicate that the magnetic field is lowered by B → Beff. =
√
1− β2B. We use the following ladder operators aˆ(E, kz) =
√
γ
2 lB [q˜x(E, kz)− iq˜y] ,
aˆ†(E, kz) =
√
γ
2 lB [q˜x(E, kz) + iq˜y] ,
(S6)
and solve the Landau levels equation (5) for n > 0,
En,±(kz) = ω0,zkz ± 1γ
√
v2zk
2
z +
2eBv2⊥
γ n
|Ψ˜n,±〉 = 1√2

(
1± vzkz∆En
) 1
2 |n− 1〉
±
(
1∓ vzkz∆En
) 1
2 |n〉
 , (S7)
7where ∆En =
√
v2zk
2
z +
2eBv2⊥
γ n, and for n = 0
E0(kz) =
(
ω0,z − vzγ
)
kz
|Ψ˜0〉 =
[
0
|0〉
]
.
(S8)
The states in original basis are obtained by |Ψ〉 = (1/N )e θ2 σˆx |Ψ˜〉, i.e. the Lorentz boost mixes the components.
Number states
In Eqs. (S7) and (S8), the |n〉 states correspond to the eigenstates of the number operator, nˆ(E, kz) =
aˆ†(E, kz)aˆ(E, kz), that depends explicitly on energy E and momentum kz. In the following we explicitly write
the number states with their E- and kz-dependence.
Two number states |n1, E1, kz,1〉 and |n2, E2, kz,2〉 are in general not orthogonal. Indeed, the difference between
two ladder operators aˆ(E1, kz,1) and aˆ(E2, kz,2) defined in (S6) of different energies, E1 and E2, and momenta, kz,1
and kz,2, is a scalar
aˆ(E1, kz,1)− aˆ(E2, kz,2) = α1,2, (S9)
where
α1,2 = α(E1 − E2, kz,1 − kz,2), (S10)
α(E, kz) =
β
(1− β2)3/4
ω0,zkz − E√
2eBvF
. (S11)
The scalar shift α1,2 signifies that the cyclotron orbits at different energies and momenta are displaced from each
other [1]. For this reason the |0, E, kz〉-states (i.e. such that aˆ(E, kz)|0, E, kz〉 = 0) depend on energy and momentum.
If one applies (S9) to |0, E2, kz,2〉 one finds the following coherent-state equation
aˆ(E1, kz,1)|0, E2, kz,2〉 = α1,2|0, E2, kz,2〉, (S12)
because aˆ(E2, kz,2)|0, E2, kz,2〉 = 0 by construction. One then deduces [1] the following relation between two number
basis of different (E, kz)
|0, E2, kz,2〉 = e−
|α1,2|2
2
∞∑
p=0
αp1,2√
p!
|p,E1, kz,1〉. (S13)
This coherent-state property has consequences on the scalar product of |n,E, kz〉-state which is by construction
〈n2, E2, kz,2|n1, E1, kz,1〉 (S14)
=
1√
n2!
〈0, E2, kz,2|aˆ(E2, kz,2)n2 |n1, E1, kz,1〉.
We replace aˆ(E2, kz,2) by its expression in Eq. (S9) and use the binomial theorem (a + b)
n2 =
∑n2
k=0
(
n2
k
)
akbn2−k.
Also we replace 〈0, E2, kz,2| by its expression as a coherent state of aˆ(E1, kz,1) as in (S12). The terms that appear in
the sum of the binomial theorem are of the form
〈α1,2|aˆ(E1, kz,1)n2−k|n1, E1, kz,1〉
=
√
n1!
(k + n1 − n2)! 〈α12|k + n1 − n2, E1, kz,1〉
=
√
n1!α
∗k+n1−n2
12
(k + n1 − n2)! e
− |α12|22 . (S15)
8If one introduces this term back in the sum, one recognizes the generalized Laguerre polynomial L
(α)
n (x) =∑n
k=0
(
n+α
n−k
) (−x)k
k! and one finds
〈n2, E2, kz,2|n1, E1, kz,1〉 (S16)
=
√
n2!
n1!
α∗n1−n21,2 L
(n1−n2)
n2 (|α1,2|2)e−
|α1,2|2
2 .
MAGNETO-OPTICS
The nonorthogonality (S16) of the spinor components has drastic consequences on the Landau levels spectroscopy
of tilted Dirac cones, as we expose in detail here.
Light-matter interaction
The electron-light coupling is of the form
Hˆint = eA · ∇kHˆ, (S17)
where A is the vector potential corresponding to the oscillating electric field E(ω). For convenience we study this
coupling term in the orientation defined by Eq. (S4) and in the basis defined by the Lorentz boost in Eq. (5) of the
main text
HˆB,int = A · e θ2 σˆx
(
∇kHˆB
)
e
θ
2 σˆx (S18)
= A · ∇k
(
e
θ
2 σˆxHˆBe
θ
2 σˆx
)
(S19)
= (A · e+) veσˆ+ + (A · e−) veσˆ− + (A · ez) vzσˆz, (S20)
where we use the fact that the boost β is independent of the momenta. We introduced two convenient – but not
orthogonal, i.e. e+ · e− 6= 0 – elliptical polarization modes e± defined as
e± =
1
ve
 vx/γ∓ivy
0
 , (S21)
ez =
 00
1
 , (S22)
where ve =
√
v2x/γ
2 + v2y and the Cartesian axis are in the directions defined in Eq. (S4). We also defined σˆ± as
σˆ± =
1
2
(σˆx ± iσˆy) . (S23)
Optical conductivity
We consider optical measurements in the Faraday geometry where the light polarisation l (i.e. A ∼ l) satisfies
l · ez = 0. The light reflection at polarization l is proportional to the real part of the optical conductivity σll(ω),
defined as j·l = σll(ω)E ·l. We use the expression (11) introduced in the main text obtained from linear response theory
and consider the chemical potential µ = 0, zero temperature, and ω > 0. In the case of a type-I Weyl semimetal, the
band occupation term is non zero for λ = − → + transitions only. Once integrated, one finds the following expression
9for the optical conductivity
Re
[
σIll(ω)
]
=
v2eσ0nB
2piωvz
(
|l · e+|2
∑
n∈N
Θ
[
ω − (1− β2)3/4v⊥
√
2eBn
]
Rn−10 (ω)
2
+
∑
n,m∈N∗
Θ
[
ω − (1− β2)3/4v⊥
√
2eB (
√
m+
√
n)
]
√[
(γω)2 − 2eBv2⊥γ (n+m)
]2
+
(
2eBv2⊥
γ
)2
[(n−m)2 − (n+m)2]
(S24)
{
2
[
(γω)2 − 2eBv
2
⊥
γ
(n+m)
] [|l · e+|2Rn−1m (ω)2 + |l · e−|2Rnm−1(ω)2]
−4eBv
2
⊥
γ
√
nm Re
[
(l · e+)∗ (l · e−)
]
Rnm−1(ω)R
n−1
m (ω)
})
,
where Θ(x) is the Heaviside function, nB = 1/2pil
2
B , and R
s
p(ω) is the overlap function introduced in Eq. (S16) at
energy ω,
Rsp(ω) = 〈s, En,+, kz|p,Em,−, kz〉 (S25)
=
√
s!
p!
αp−sω L
(p−s)
s (|αω|2)e−
|αω|2
2 , (S26)
αω = − β
(1− β2)3/4
ω√
2eBv⊥
. (S27)
The expression in the case of a type-II Weyl semimetal also includes λ = ± → ± transitions the contributions of
which are similar to the previous − → + transitions. We do not show the corresponding expression here but one has
to introduce the band edge energy scales
ω
(edge)
nm,λλ′ = (S28)
(1− β2)3/4
√
2eBv⊥
[
λ|tz|
√
n− λ′√n+ [t2z − 1]m√
t2z − 1
]
.
This expression of the band edge is the reason for the low-frequency intraband peak width (13) introduced in the
main text. One other property of the band edge is that it is given by ω
(edge)
m0,λs where s = sign(vxvyvzω0zB) for the
transitions involving the n = 0 state. This is not discussed in the main text but it can shift the edges depending on
the direction of the magnetic field.
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